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It is a ·well-known fact that one can get m., velocity .ratios of six different 
values having only one planetary gear train (P .G.T.), since, there arc six 
possible varieties for choosing the three main elements of P.G.T. as an input,. 
ontput, and fixed elements. T lw main elements of P.G.T. are: two central 
gears and the arm. T able I shows the six varieties of connection of the main 
elements of the same P.G.T. to the shafts. 

Table I 
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The simple P.G.T.-s arc usually characterized by the b basic (kinematic) 
ratio, which is the velocity ratio between the relative angular velocities of 
the two central gears, when the angular velocities of the central gears are related 
to the angular velocity of the arm: 

b = (L}~ = (1)2- 0)3 (1) 
w~ w1 - w3 

The index number 1 and 2 stand always for the central gears, the number 
3 for the arm. One can choose either number J. or number 2 for any of the two 
central gears, but if the choice had been made it must remain the same. 

The b basic ratio can be calcula ted from the diameters of t he gears. 
In case of auxiliary planet gears (Fig. 1), the formula is: 

b = _ !;!1_D•2 D4E 
.D2 D.n .D.121 

(2) 
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The dotted lines in Fig. 1 notify that any of the central gears can he 
-externally or internally geared (sun gear or ring gear}. Calculating the value 
-of b the. values of diameters must he taken with sign: an external gear has 
positive sign, an internal gear has a negative one. 
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Fig. S P ig: 4 

The auxiliary planet gear disappears if Du2 = - D 121 (Fig. 2}, in this 
-case 

b = Dl D42 
D2D41 

Formula 2 becomes even simpler if Dn = D 12 (Fig. 3) 

(3) 

(4-) 

It is also well-known that the same m,. velocity ratio can he obtained 
by several types of P.G.T. if one chooses the right geometrical data and a con
venient variety of connections for the main elements of the P.G.T. (Table 2). 
In this case, it is insignificant from the kinematic point of view what kind of 
P.G.T. type is used. Therefore, it is practical to make a generalization of the 
.b basic 1·atio; that is to introduce the B general basic ratio, which can he cal
culated from b taking the variety of connections into account. It means that 
having a B general basic ratio one can find a convenient P.G.T. type of a cer
tain b with a certain variety of connection. 

In the general case, the three main elements (or their shafts) of the 
P.G.T. arc indicated hy x, y and z (Fig. 4.), and the formula is: 

B = (5) 

Notice that x, y, z and numbers I, 2, 3 can he disposed in six varieties 
(Table III). 

It goes, without saying, that if one takes shaft x as an input shaft, shaft 
y as an output shaft and shaft z is fixed, the B general basic utio will equal 
the velocity ratio directly: m"' = B. 
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Tttble II 

l 
~~---~ 3 , · 0, ~-4 --=1 

D2w - 16 mw =-0,25 

in ---L-J ----'----
2 

out _ , 

I u I I ~~+ mo' -a"l 
__ . T __ 

1 _ou_'_......,.o_~z_=_2._¥J____ 1 
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i in...l__j __ 2 out D~z-= 8.6 ___ j 

Tahlc III 
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lt can h e stat ed that the B gen eral basic Tatio is more sjgnificant in 
cases when noi• e of the main elements of t h e P.G.T. arc fixecl , that is when all 
thrcc can rotate. This occurs, for instance, in hydromechanical transmissions 
(Fig. 5). Obviously, t iH; Vt:rsions, sho·wn in Fig. 5 an: identical from a kinematic 

t. ~ 
~'73 

in~out 

f•'i[!· {j 

point of view with each other if th e values of Bare the sam e although different 
typ es of P.G.T. are u sed. These kinds of h y dromcchanical transmission can he 
easil y investigated kin.cmaticaHy by Formula 5. 

P.G.T., element z of which is not fixed hut connected to element y by 
some connecting clement Q (Fig. 6), and consequently, the angular velocity 
of elemen t z had been made dependent on the angular velocity of clement y, 
can h e called side-coltnt?c,~l P .G.T. Jn F ig. 5, a hydrauli c torque convertt~r is 
the connecting dement.. In practice, any kind of machines and mechanisms 
b eing able to transmit power or motion (mechanic, hydraulic, electric, magnetic, 
etc. devices) can he used as a connecting clement. 

The velocity ratio of a side-connected I,.G.T. can be d etermined by the 
formula (17]: 

(6) 
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(.1) 

where m y: is t h e velocity ratio of Lhc conn ecting elem ent: m y: = ___2:. • which 
OJz 

can he eith er constant or variable. In Fig. 5, for instance, wht:rc the turbine 
is connected t o shaft y: 

In case when th e pump is connec ted to shaft y: 

l (l)Pum~ 
m yz = -- = -----

111H rn.rurbine 

When shaft x is the input shaft (forward-connectccl P .G.T., F ig. 6) 
then m w = myx> in the opposite case (b ackward-connected P.G.T.) m "' ""'"= 

1/myx (Fig. 7). 

l•'i.!J. 7 

lL nftcn occurs that a fixed P.G.T. is tak en as a connectin g elem rnt of a 

side-connected P.G.T. (Fig. 8). In that case Formula o i:> as fo llow: 

B' 
rnyx = - --B' - l .. ' 

1 + _ _____ :_ 
B" 

(7) 

if i' = y' = y . 
ln practice, one can also meet cases, when a side- connect ed .P.G.T. is 

taken as a connccling dement of anolh er side-coDn ect ecl P.G.T. (c. g. the third 
speed of t h e W il son transmission, Fig. 9) . 

out 

J!'iy. s 

Not only in the examples abo c, hut in every case, the analysis of the 
P.G.T.-s is simpler and m ore gen eral if one u ses the B general basic ratio in
stead of b. 

6" 
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l~lt_ -
in 

F'i(J. 9 

The function B = f(b) must be investigated more closely. This function 
is usually given in tables (e.g. Table III), which contain separat e formulas. These 
tables make an :impression as though t here were no common base for differ
ent types of P. G. T. and for different varieties of connection ; as though each 
type and variety of connection were independent from others. In fact, there is 
a very close connection between them: all types of P. G. T. with all varieties 
of connection can he derived from only one common "ancestor". 

l!x 4y 4z 

I I I 
_I T L..L 
X y 

F'i g.JO 

First, for the sake of simplicity, derive the P. G. T. types without auxili
ary planet gears. In Fig. 10, one can see the basic type. The derivation is a 
process of changing diameters of certain gears. By changing the diameter of 
an external gear (D > 0) one can get an internal gear (D < 0) us it is shown 
in Fig. 11. 

.Fig. 1.l 

R eturning to Fig. 10 it can he stated that it shows not simple hut con
nected (or rather united) P.G.T.-s, since it has not two but three central gears. 
These united P.G.T.-s can be separated into two simple P.G.T.-s (Fig. 12). 
This is a case when a simple P.G.T. is the connecting element of a side-connected 
s imple P.G.T. Since element z is not fixed, Formula 7 gives t he velocity ratio 
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I I I 
_l T h 
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Fig. 12 
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II 

related to the angular velocity of element z, that is, in this case, the m yz 

velocity ratio is equal to B gener al basic xatio of the united P.G.T .-s : 

B' 
B = - ---,B=-,:-_----,:1 

l + B" 

(8) 

Taking into account the indexes from Fig. 10 and using Table III and 
l<'ormula 3 one can write: 

B' = b' = D~ .D~'l -
D~D~1 

D" JY D D 
B" =l-b" "-" l--~=1- . z ,,y 

D~ D;t DyDu 

Substi tuting Formulas 9 and 10 in Formula 8 after reduction 

(9) 

(10) 

(11) 

Having Formula 11, one may investigat e the effect of decreasing the 
diamet er of one of the planet gears t o zero. In Fig. 13, an other united P .G.T. 
is shown. Take D 4 \ 1 = 0 (sket ch b). In t his case, r .v1 = r3 and w.~1 = w3, 

which means, that a central gear becomes an ann when the diameter of the 
planet gear being in mesh with it, decreases to zero (sket ch c). 

Returning t o the basic type (Fig. 10), decrease the diameters of the p.la
net gears one by one (Fig. 14). When D 4x = 0, the element x becomes arm, 
clements y and z rcniain centr al gears (sketch a). In case D 4y = 0, element 
y becomes arm. The type of P.G.T. is the same as before but the connection 
of its main elements with shafts x, y and z has been changed (sketch b). 
The result is similar when D ,z = 0 (sketch c). 



178 

F t[J. 1:1 

Look at F ormula ll in all 
Case a: 

I> ~X 0; 
DdY })41; 

D~z ]) 42; 

Z. LEVAI 

three cases. 

Dx -
Dy -
])z -

JiL 
X !i 
a) D~x =O 

,f 3LL 
X !J 
b) D~y = 0 

ltL 
X y 
c) D,1 =0 

F·iy. It 

D3; 
Dl; 
D2. 

.:'fote: 'l'he indexes of the two cent ral gears can be chosen from 1 and 2 
without restriction; t he inverse of them will automatically appear later. 

Substituting the above equations iul•'ormula 11, using Formula 3 one gets 

Case b: 

D 4x - Du; 
D ,1Y - 0; 
D ,Iz - Du; 

After subst itution. 

B = __ _ !!.:n 
D - D, D 

41 ·12 
]),~ 

Case c~ 

D.1x D.u; 
D.Jy - · D.-~t; 

DH - 0; 

Dx = Dz; 
Dy =D3; 

D2 = D1. 

1 1 -- --~-=-J5;D;;;- = -c~:·i) 

D2 D41 

Dx Dl; 
Dy D2 ; 

Dz D3. 

(12) 

(13) 



After substitution, 

DaD 
--- 1:.! 

B = __ D--'2 
- ])3 1) 

]) H 
l 
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(14) 

On e can l'CC that sket ch es 14c, 14a, 14b, and Form\tlas 14, 12, and 13 
correspond to the upper part of Table III. By changing indexes 1 and 2, one 
could get the Io·wer part of it. 

After gc-tting simple P .G.T.-s fro m the hasic t yp e hy eliminating one of 
the pl anet gears, 11ow change the diameters of the C<mtral gears. l<'or the sake 
of br evity, the process only for sket ch Hb will b e shown, the conclusions will 
h e vali d for sket ch 14a and 14·c too. 

ln :J,'ig. 15, sketch 1 corresponds to sketch 14b. 

1 2 3 5 6 7 

9 J:i 11 12 13 fq 15 to 17 

ftr!tfttt:-fLtPtl; {I[ Tlt;'fl t JlLJtL 
f~ A Jt 

F ig. 15 

ln sk et ches 2 through 5, D 2 changes and D, is constant. In sketch 3, 
D 2 = D 3, that is Du = 0, it means that element 3 has h ecome an arm too. 
Only oru; central gear h as rem ained: the simple P .G .T. has b ecome an elementary 

Jll hl1 _r~ 

_Jh_ _p1_ hl _]11 I till 
Fig. 16 l~ig. 17 
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P.G.T. which has always one central gear only. In sketch 4, D 2 < 0. In sketch 
5, D 41 = D_. 2, and t he form of the P.G.T. can he simplified. 

In sketches 6 t hrough 9, D 1 changes and D 2 is constant. The sketch 6 
shows the same type of P.G.T. as shown in sketch 4, but t he geometrica] sizes 
are different. In sketch 7, one can sec an elementary P.G.T . again. l n sketch 
8, hoth D1 and D~ already h ave negative sign . 

In sket ches 10 through 13, D 2 will change its sign to posi tive, in sketches 
14 th1·ough 17, D1 will do the same. Note that in sketches 10 through 17, the 

Dtoc = 0 and y = y • or DtfXz = - D~u 

Fig. 18 

JJii J1fll _HL rtdd 
JlL _J4l _ill _J~ 

F ig. 19 
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Naturally, Formulas 15 and Hi include Formula ll; one can check it by 

j . . D4(X l . h :;u lStl tutmg --- = -·-· 1n t ern. 
J D4xz 

Making the process of deri vation illustrated. in Fig. 15 with the right side 
of Fig. 18, one gets further eight types of simple P.G.T., each of them with six 
varieties of eonncction. These new types are shown in Fig. 19. 

Till now cases ·when the planet gears can also become internal gears 
(D4 < 0) have not been examined. It would take up too much space to illus
trate the proeess of d~:~rivation in case of internal planet gears. Instead, some 
points of the process are only shown in F'ig. 20, and the conclusion is reported 

Fig. 22 

that the simple P.G.T. with internal planet geurs has 22 types. each with six 
varieties of connection. 

In conclusion. it can be said that t ·wo types of elementary :P.G.T. a~d 34 
types of sirnpl<~ P.G.T. exist in all. The 34 t.ypes arc: four types without auxili
ary planet gears, eight types with auxiliary planet gears, all these w·ith exter
nal planet gears, and twenty two with internal planet. gears. This agrees with 
the conclusion of an investigation made in another way [20] which resulted in 
the family tree of the simple P.G.T. (Fig. 21). One can .see from the family 

Fig. 2H 

tree which of the special type of P.G.T. had heen derived from which of the 
more general type. In the family t ree, either the proportions or the signs of the 
various diameters as rdated to the Cl~rtain types are also indicated. Fat arrows 
show the types made by changing the sign of diameters, thin arrows show the 
types made by reducing the number of the planet gears. 

In all cases when connected or united P.G.T.-s appear, recognizable hy 
more than two central gears, it <:an be St)parated .into two or more simple 
P.G.T.-s illustrated in the family tree (Figs 22 and 23). 
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Summary 

All types of planetary gear train with all varieties of connection can be derived from 
only one common "ancestor". The derivation is a process of changing diameters of certain 
gears: by changing the diameter of an external (central or planet) gear one can get an internal 
gear and vice versa. In conclusion, it is said that two types of elementary planetary gear train 
and 34 types of simple planetary gear train exist in all, each with six varieties of connection. 
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